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We apply the methods of continuum mechanics to the study of the collective modes of the frac-
tional quantum Hall liquid. Our main result is that at long wavelength there are two distinct modes
of oscillations, while previous theories predicted only one. The two modes are shown to arise from
the internal dynamics of shear stresses created by the Coulomb interaction in the liquid. Our pre-
diction is supported by recent light scattering experiments, which report the observation of two
long-wavelength modes in a quantum Hall liquid.
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The two-dimensional electron liquid in semiconductor
heterostructures is a remarkable many-body system. At
low temperature and high magnetic field it exhibits the
fractional quantum Hall effect1,2 whereby the Hall resis-
tance assumes a universal value, independent of mate-
rial parameters. This effect, in many ways comparable
to superconductivity and Bose-Einstein condensation, is
understood as the manifestation of a collective state –
the incompressible quantum Hall liquid.3,4 The electrons
in this state do not behave like independent particles,
but respond to external perturbations as a single entity:
in particular, they exhibit collective density oscillations
(collective modes) similar to phonons in a solid, with the
crucial difference that in the long wavelength limit the
frequency tends to a finite value (the gap).5,6,7 Light scat-
tering experiments8,9,10 have confirmed the existence of a
gapped collective mode, whose frequency decreases with
decreasing wavelength. However quite recently they have
also revealed the existence of a second mode,11 whose
frequency increases with decreasing wavelength (the two
modes appear to merge together in the limit of infinite
wavelength). What is the origin of the second mode?
In the past there have been suggestions that two long-
wavelength modes might arise from some interaction be-
tween free and bound pairs of short wavelength excita-
tions, known as rotons.14,15 Here we provide a sharper an-
swer to the question, based on a recently developed con-
tinuum mechanics approach12 to the dynamics of incom-
pressible liquids. The existence of two collective modes
is shown to be a direct consequence of the dynamics of
the shear stresses created by the Coulomb interaction
in the incompressible liquid. In both modes a small el-
ement of the liquid performs a circular motion, driven
by the combined action of the ordinary shear force and
the Lorentz shear force (the nature of these forces will
be elucidated below). The sense of rotation is opposite
for the two modes. In the standard mode the two shear
forces act in the same direction, while in the new mode
they act in opposite directions. Our approach enables us
to calculate the dispersion and the splitting of the two
modes in terms of a few elastic moduli, which are de-
termined from sum rules and self-consistency conditions.
The calculated dispersions are in qualitative agreement
with experiment.11
In a collective mode each small element of the liquid
performs an oscillatory motion of angular frequency ω
about its equilibrium position r. We denote by u(r, ω) (a
complex vector in the x− y plane) the amplitude of this
motion. It obeys an equation of motion, which follows
from the conservation laws for the number of particles
and the momentum:12
−mω2u− iωeBu× zˆ+ 1
n
∇· ↔P= 0 , (1)
where m and −e are the mass and the charge of the
electron, B is the magnetic field (which points in the
positive z direction), zˆ is a unit vector in the z-direction,
n is the equilibrium density of electrons, ∇ is the gradient
operator, and
↔
P is a symmetric rank-2 tensor, known as
the stress tensor, whose divergence ∇· ↔P is the negative
of the areal force exerted on a small element of the liquid
by the liquid that surrounds it.
As in the standard elasticity theory13, the stress tensor
is directly proportional to the strain tensor – a symmetric
rank-2 tensor formed from the spatial derivatives of the
displacement (Hooke’s law). The general form of such
proportionality relation is
Pij = −1
2
∑
kl
Qijkl(∇kul +∇luk) , (2)
where the indices i, j, k, l denote Cartesian components
x or y, Pij is the ij component of
↔
P, ∇k is the spatial
derivative with respect to x or y, and Qijkl is the ijkl
component of the dynamic (i. e. frequency-dependent)
elasticity tensor – a rank-4 tensor which contains all the
information about the elastic properties of the liquid.
We will see that a particular, strongly non-instantaneous
character of the stress-strain relation (2) is the most im-
portant feature of quantum Hall liquids, which makes
2them so remarkable representatives of condensed matter
systems.
Symmetry plays a crucial role in our analysis. Rota-
tional symmetry in the x − y plane, combined with the
presence of an axial vector (Bzˆ) perpendicular to that
plane, dictates the following general form for the elastic-
ity tensor:
Qijkl = (K + µ)δijδkl + µδikδjl − iωΛ (ǫikδjl + ǫjkδil) ,
(3)
where δij = 1 if i = j and 0 otherwise, while ǫij = 0 if
i = j, and ǫxy = 1, ǫyx = −1.
The elastic moduli K, µ, and Λ are functions of fre-
quency. K and µ are familiar from ordinary elasticity
theory:13 they are the proper bulk modulus16 and the
shear modulus respectively. On the other hand, Λ is
a novel feature of the present theory. We call it mag-
netic shear modulus, because it creates a “Lorentz shear
stress”, which is proportional to the rate of change of
the shear strain. Intuitively, the magnetic shear stress
produces a force which “squeezes together” two parallel
streamlines on which the electrons move with different
velocities.
Substituting Eq. (3) in Eq. (2) and this in Eq. (1),
we obtain a linear differential equation for the displace-
ment amplitude. Assuming a spatial dependence of the
form u(r, ω) ∼ ueiq·r, where q is a two-dimensional wave
vector, and going to the limit of high magnetic field,
ωc ≡ eBm ≫ ω, we arrive at the equation of motion:
−iω (eBn+ Λq2)u× zˆ+Kq(q · u) + µq2u = 0 . (4)
Non-trivial solutions of this linear equation exist only
when the frequency ω has the proper q-dependent values:
this gives the dispersion of the collective modes.
In order to proceed we need explicit expressions for
the moduli K, µ and Λ as functions of frequency. In
the long wavelength limit (q = 0) these can be obtained
from a well-known fluctuation-dissipation theory, which
relates the elasticity tensor to the correlation that exists
between stresses in different parts of the system – the so-
called stress-stress correlation function. This correlation
function has a pole whenever the frequency matches an
excitation energy of the proper symmetry – quadrupolar
in this case, since the stress tensor is a symmetric rank-
2 tensor.17 Our fundamental assumption is that there is
only one such excitation at q = 0 at a frequency ω =
∆. Of course, this assumption is only justified in an
incompressible liquid state, such as the one that sustains
the fractional quantum Hall effect at special densities.
Then the theory implies that the elastic moduli have the
following form:
K(ω) = K
µ(ω) = µ∞ +
µ∞∆
2
ω2 −∆2 =
µ∞ω
2
ω2 −∆2 ,
Λ(ω) =
Λ0∆
2
ω2 −∆2 , (5)
where µ∞ is the high-frequency shear modulus (i.e. the
shear modulus at a frequency much larger than ∆, but
much smaller than ωc), and Λ0 is the magnitude of the
magnetic shear modulus at zero frequency.18 Notice that
while µ and Λ exhibit a resonance at ω = ∆, K remains
finite and independent of frequency. For this reason K
can be neglected in the small-q limit (see Eq. (4)), leaving
the shear moduli masters of the field.19 Furthermore, it
follows from the positivity of dissipation, and we will ver-
ify explicitly below, that µ∞ and Λ0 satisfy the inequality
Λ0∆ ≤ µ∞ , (6)
where the equality holds for an ideal system of non-
interacting electrons. For real electrons, which interact
via the Coulomb force, one expects Λ0∆ < µ∞. We will
see that this is crucial to the occurrence of the new col-
lective mode.
The solution of the equation (4) with the elastic mod-
uli of Eq. (5) yields a two-branch excitation spectrum
presented in Fig. 1. The lower branch with a roton-like
minimum corresponds to a well known magneto-plasmon
mode5,6,7,8,9, while the upper branch with a positive dis-
persion is a new collective excitation predicted by the
present theory, and observed experimentally in Ref.11.
The origin of the two collective modes can be easily
understood from a direct analysis of the equation of mo-
tion (4) in the limit of small q. In this limit Eq. (4)
becomes isotropic and its solutions are straightforwardly
found to be
u− =
1√
2
(
1
+i
)
, u+ =
1√
2
(
1
−i
)
. (7)
Notice that the x and y components of u are 900 out of
phase: u− describes a counter-clockwise rotation of each
element of the liquid and u+ a clockwise rotation.
Substituting u− in Eq. (4), making use of Eq. (5) for
the elastic moduli, and setting ω = ∆ everywhere except
in the denominators we arrive at
∆eBnu− = −µ∞∆
2 + Λ0∆
3
ω2 −∆2 q
2u− . (8)
This equation states that the bulk Lorentz force acting on
a liquid element (left hand side) is balanced by the sum
of the regular shear force and the Lorentz shear force
exerted by the surrounding liquid (right hand side). For
perfect balance to occur the frequency must be below the
gap and be given by
ω−(q) ≃ ∆− 1
2~n
(µ∞ + Λ0∆) (qℓ)
2 ,
(9)
where ℓ ≡
√
~
eB
is the magnetic length and ~ is
the Planck constant. Thus we see that this collec-
tive mode has negative dispersion. This is the “old”
3magneto-plasmon mode of the fractional quantum Hall
liquid.5,6,7,8,9 Notice that the two shear forces are par-
allel and in phase and both push away from the center
of rotation, while the bulk Lorenz force pulls towards it
(see Fig. 1).
Let us now consider the other solution u+, in which
the liquid elements rotate clockwise. Repeating the same
steps as above we arrive at the force balance equation
−∆eBnu+ = −µ∞∆
2 − Λ0∆3
ω2 −∆2 q
2u+ . (10)
Since µ∞ > Λ0∆ we see that this condition can be satis-
fied only for frequencies above the gap, and the solution
is
ω+(q) ≃ ∆+ 1
2~n
(µ∞ − Λ0∆) (qℓ)2 . (11)
Thus, this second mode has a positive dispersion, with
a curvature that depends on the difference µ∞ − Λ0∆.
Now the bulk Lorentz force and the shear Lorentz force
point away from the center of the circle, while the or-
dinary shear force is directed towards the center (see
Fig. 1). Thus, the regular shear force and the Lorentz
shear force act in opposite directions. For this reason the
dispersion is weaker than in the - mode. The difference
between the frequencies of the two modes is
ω+(q)− ω−(q) = µ∞
~n
(qℓ)2 , (12)
which depends only on the high-frequency shear modulus,
not on Λ0 and K.
In Fig. 1 we plot the dispersions of the collec-
tive modes obtained from the solution of Eq. (4)
with the elastic moduli given by Eq. (5). The de-
termination of µ∞ and ∆ will be discussed below.
Λ0 and K are fixed by requiring that the disper-
sion of the - mode has a magnetoroton minimum
at the correct values of q ≃ 1.4ℓ−1 and ω ≃ ∆/2.9,10
Notice that we are plotting these dispersions not
only for small q, where Eqs. (9) and (11) are valid,
but for all q. Although the effective elasticity the-
ory is on firm ground only for small q, it is re-
warding to see that the dispersion of the − mode
is sensible for all q. On the other hand, we believe
that the + mode exists only for very small q, after
which it merges into a continuum of more com-
plex excitations, such as two-roton excitations.
From the solution of the equation of motion (4) (aug-
mented by an external forcing term on the right hand
side) we can easily derive the long-wavelength behav-
ior of the density-density response function, the quantity
that is most directly probed by inelastic light scattering
experiments:8,9,11
χ(q, ω) =
(qℓ)4
2~2
{
µ∞ − Λ0∆
ω2 − ω+(q)2 +
µ∞ + Λ0∆
ω2 − ω−(q)2
}
. (13)
Notice that the static response function χ(q, 0) vanishes
as q4 for small q, proving that the system is incompress-
ible even though the bulk modulus is finite and does not
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FIG. 1: Dispersion of the collective modes calcu-
lated from Eqs. (4) and (5) with ν = 1/3, ∆ = 0.15,
µ∞/n = 0.075, Λ0/(∆µ∞) = 0.7 and K/n = 0.025. The +
and − modes are shown in green and red respectively.
q is in units of ℓ−1 and ω is in units of e
2
~ǫbℓ
. Next to
each dispersion we show schematically the direction
of rotation of the displacement field and the balance
of the forces that sustain the mode: “L” denotes the
Lorentz force, “S” the ordinary shear force, and “LS”
the Lorentz shear force. The grey region denotes the
conjectured two-roton continuum, which limits the
dispersion of the + mode. The inset compares the
calculated frequency splitting (blue line) with the ex-
perimental data of Ref.11 (solid and open squares) for
two samples of different electron density. The vertical
bars indicate the experimental uncertainty.
even enter the long-wavelength dispersions. The dynam-
ical response function has two resonances at ω = ω−(q)
and ω = ω+(q), but notice that the two resonances have
different strengths, proportional to µ∞ ± Λ0∆ respec-
tively. Positivity of dissipation requires that the strength
of a resonance (also known as oscillator strength) be pos-
itive: hence the inequality (6) is confirmed.
It should be noted that the + mode becomes weaker as
Λ0∆ approaches µ∞, and disappears when the equality
Λ0∆ = µ∞ attains. In a gas of non-interacting elec-
trons/composite fermions in the lowest Landau level one
can easily show that indeed Λ0∆ = µ∞. The reason
for such a finely tuned relation between Λ and µ is that
they both arise from the kinetic stress tensor operator,
Pij ∝ vivj where v is the velocity operator. In the lowest
Landau level, this satisfies the constraint Pxx − iPxy = 0
because the clockwise component of the velocity operator
(vx − ivy) annihilates every state in the lowest Landau
level. This fine tuning is destroyed as soon as the interac-
tion part of the stress tensor is included. Therefore, the
very possibility of observing the + mode depends on the
Coulomb interaction between the electrons (or composite
fermions): without it Eq. 10 would not have a solution.
We can calculate the high-frequency shear modulus
µ¯∞, and hence the frequency splitting, in the following
manner. Integrating the imaginary part of χ over fre-
4quency yields the static structure factor
S(q) =
µ∞
2n~∆
(qℓ)4 . (14)
Comparing this with the structure factor computed di-
rectly from the Laughlin ground-state wave function3
(S(q) = 1−ν
8ν
(qℓ)4 when the filling factor ν ≡ 2πnℓ2 is
the inverse of an odd integer) we arrive at the following
identification:
µ∞
~n
= ∆
1− ν
4ν
, (15)
and thus
ω+(q)− ω−(q) = ∆1− ν
4ν
(qℓ)2 . (16)
So at q = 0.1ℓ−1 and ν = 1/3 we predict a splitting 200
times smaller than the q = 0 gap. The value of ∆ can be
determined self-consistently from the requirement that
the response function (13) satisfy the f-sum rule in the
lowest Landau level5: −π−1 ∫∞
0
ωℑmχ(q, ω)dω = f¯(q),
where f¯(q) is a known functional of the static structure
factor, whose explicit form is given in Ref.5. This re-
quirement gives ~∆ = 0.15 e2/ǫbℓ, from which we get a
splitting of ~∆(qℓ)2/2 = 0.00075 e2/ǫbℓ at q = 0.1ℓ
−1.
This is smaller than what is seen in the experiment of
Ref.11, but still in qualitative agreement with it. The
agreement with experiment might be improved
by including more realistic features, such as the
contribution of high energy excitation to the sum
rules, the mixing of higher Landau levels, and the
finite width of the samples. Finally one cannot
exclude the possibility that the splitting persists
at q = 0, i.e. that the stress tensor itself has two
resonance of opposite chirality at q = 0.
In conclusion, we have presented an effective elastic-
ity theory that explains the occurrence of two collective
modes in the fractional quantum Hall liquid. The essen-
tial improvement upon the theory of Ref.5 is the recogni-
tion that the single-mode approximation should be done
on the stress tensor, rather than on the density-density
response function. This is how we get two modes instead
of one. The strength of the theory lies in the ease with
which it allows one to calculate analytically the disper-
sion of the collective modes. With a proper choice of
the elastic moduli one obtains excellent results not only
at long wavelengths but also at large and intermediate
wavelengths (see Fig. 1).
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